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A REFINEMENT OF THE DELIGNE–ILLUSIE THEOREM
PIOTR ACHINGER
Abstract. We show that for a smooth scheme X over a perfect field k of
characteristic p > 0 which is liftable to W2(k), the truncations τ[a,b](Ω
•
X/k
)
are decomposable for a ≤ b < a + p − 1. Consequently, the first nonzero
differential in the conjugate spectral sequence
Eij2 = H
i(X′,Ωj
X′/k
) ⇒ Hi+jdR (X/k)
appears no earlier than on page p. We deduce new criteria for the degeneration
of the Hodge spectral sequence in favorable cases.
The main technical result belongs purely to homological algebra. It con-
cerns certain commutative differential graded algebras whose cohomology alge-
bra is the exterior algebra, dubbed by us abstract Koszul complexes, of which
the de Rham complex in characteristic p is an example.
1. Introduction
In [DI87], Deligne and Illusie showed that for a smooth scheme X over a perfect
field k of characteristic p > 0, a flat lifting X˜ of the Frobenius twist X ′ = F ∗kX
to W2(k) induces a splitting of the truncation of the de Rham complex in degrees
[0, 1], i.e. a quasi-isomorphism
OX′ ⊕ Ω
1
X′/k[−1]
∼−→ τ≤1(FX/k,∗Ω
•
X/k).
Using the algebra structure of the de Rham complex, they further show that it
induces a quasi-isomorphism⊕
i<p
ΩiX′/k[−i]
∼−→ τ<p(FX/k,∗Ω
•
X/k).
With their method, it is unclear if one could extend this further to a quasi-
isomorphism between
⊕
i≥0 Ω
i
X′/k[−i] and FX/k,∗Ω
•
X/k if dimX ≥ p, i.e. whether
the de Rham complex Ω•X/k is decomposable. As a step further, Deligne and Illusie
prove using duality that this is the case if dimX = p.
It is as of today an open problem whether there exists a smooth X over k liftable
to W2(k), necessarily of dimension dimX > p, for which the de Rham complex is
not decomposable. In this paper, as a small contribution to this question, we prove
the following theorem.
Theorem 1.1. Let X be a smooth scheme over a perfect field k of characteristic
p > 0 which is liftable to W2(k). Then the truncations
τ[a,b](Ω
•
X/k)
are decomposable for a ≤ b < a+ p− 1.
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The above result immediately implies that in the conjugate spectral sequence
(1.1) Eij2 = H
i(X ′,ΩjX′/k) ⇒ H
i+j(X,Ω•X/k)
the differentials dijr are zero for 2 ≤ r < p. As a sample corollary, we obtain the
following criterion for degeneration of spectral sequences.
Corollary 1.2. For X as in Theorem 1.1, suppose that
Hi(X,ΩjX/k) = 0 for |i− j| ≥ p.
Then the conjugate spectral sequence (1.1) degenerates. If moreover X is proper
over k, then the Hodge to de Rham spectral sequence
Eij1 = H
j(X,ΩiX/k) ⇒ H
i+j(X,Ω•X/k)
degenerates as well.
The proof of Theorem 1.1 has very little to do with algebraic geometry. One
uses as input the multiplicative structure of Ω•X/k and the fact that its cohomology
algebra is an exterior algebra (thanks to the Cartier isomorphism). Using a con-
struction based on the Koszul complex, one obtains the more precise statement
that τ≤1Ω
•
X/k in fact determines the complexes τ[a,b]Ω
•
X/k for a ≤ b < a+ p− 1.
To state the main technical result, we need the notion of an abstract Koszul
complex (Definition 2.1), which is a certain commutative differential graded algebra
(cdga) K in a ringed topos for which the multiplication induces isomorphisms
(1.2) ∧qH0(K)H
1(K) ∼−→ Hq(K) for all q ≥ 0.
The de Rham complexes Ω•X/k in characteristic p > 0 are examples of such.
Theorem 1.3 (see Theorem 2.8). Let K be an abstract Koszul complex in a ringed
topos (X,AX) satisfying the flatness condition (C3), and let q ≥ m ≥ 1 be integers
such that m! is invertible in AX . Suppose that either q = m or that m + 1 is
a nonzerodivizor in AX . Then there exists a quasi-isomorphism
(1.3) τ≥q−m (LΓ
q(τ≤1(K))) ∼−→ τ[q−m,q](K).
In (1.3), LΓq is the derived q-th divided power, and the source of the map can be
more concretely realized as τ≥q−m of the Koszul complex
· · · → ∧i(Z1K)⊗ Γq−i(K0)︸ ︷︷ ︸
degree i
→ · · · → ∧q−1(Z1K)⊗K0 → ∧q(Z1K)︸ ︷︷ ︸
degree q
→ 0→ · · ·
As observed by Kato [Kat89], logarithmic de Rham complexes are abstract
Koszul complexes, and hence Theorem 1.1 works also in the log case. The inspi-
ration for Theorem 2.8 came from the result of Steenbrink [Ste95, §2.8] describing
the nearby cycle complex RΨQ for a complex semistable degeneration in terms of
the logarithmic structure; see also [AO20, §4]. It is an interesting question whether
Steenbrink’s result can be extended to work with integral coefficients; the nearby
cycles RΨZ are co-connective E∞-algebra versions of abstract Koszul complexes,
but we do not know whether they admit cdga models (see Remark 2.10 and Exam-
ple 2.3).
Acknowledgements. I am grateful to Shizhang Li, Arthur Ogus, and Vadim Vol-
ogodsky for stimulating discussions. The author was supported by NCN OPUS
grant number UMO-2015/17/B/ST1/02634.
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Notation. If K• is a cochain complex in an abelian category, we write ZiK =
ker(d : Ki → Ki+1) and denote by τ≤b(K
•) the subcomplex
τ≤b(K
•) =
[
· · · → Kb−1 → ZbK → 0→ · · ·
]
,
by τ≥a(K
•) the quotientK•/τ≤a(K
•), and define τ[a,b](K
•) = τ≥aτ≤b(K
•). We call
K• decomposable if it is quasi-isomorphic (i.e. isomorphic in the derived category)
to the complex with zero differential
⊕
Hi(K•)[−i].
A commutative differential graded algebra (cdga) is an associative graded ring
K =
⊕
n∈ZK
n which is graded-commutative (i.e. xy = (−1)mnyx for x ∈ Km,
y ∈ Kn), endowed with a differential d : K → K mapping Kn to Kn+1 and satis-
fying d(xy) = dx · y + (−1)nx · dy for x ∈ Kn. We say that K is coconnective if
Kn = 0 for n < 0.
2. Abstract Koszul complexes
Let (X,AX) be a ringed topos.
Definition 2.1. A coconnective commutative differential graded AX -algebra K is
called an abstract Koszul complex if the following conditions are satisfied:
(C1) AX → H
0(K) is an isomorphism,
(C2) For every q ≥ 0, the multiplication map H1(K)⊗q → Hq(K) factors through
an isomorphism
µq : ∧qH1(K) ∼−→ Hq(K).
Example 2.2. Let X be a smooth scheme over a perfect field k of characteristic
p > 0, and let FX/k : X → X
′ be its relative Frobenius. Let K = FX/k,∗Ω
•
X/k be
the de Rham complex, treated as a cdga over OX′ . Then the Cartier isomorphisms
C : H i(FX/k,∗Ω
•
X/k)
∼−→ ΩiX′/k
are multiplicative, and K hence is an abstract Koszul complex over (X ′,OX′).
More generally, if f : (X,MX) → (S,MS) is a morphism of fine log schemes
over Fp which is smooth and of Cartier type, then the log de Rham complex
FX/S,∗Ω
•
(X,MX )/(S,MS)
is an abstract Koszul complex [Kat89, Theorem 4.12].
Example 2.3 (cf. [Ste95, §2]). Let X be a complex manifold and let D =
⋃
Dα
be a divisor with simple normal crossings on X . Let j : U = X \ D →֒ X be
the complementary closed immersion, and let K = Rj∗QU . Since we are working
with rational coefficients, we can find a cdga model for K (e.g. [KM95, Part II,
Corollary 1.5]). The purity theorem implies that
Rij∗QU = ∧
i
(⊕
QDα
)
,
and hence any cdga model of K is an abstract Koszul complex over (X,QX).
Moreover, one has a quasi-isomorphism [Ste95, Lemma 2.7]
τ≤1(R
1j∗ZU ) ≃
[
OX
exp
−−→ M gp
]
,
where M gp is the sheaf of meromorphic functions without zeros or poles on U . Vari-
ants of this contruction exist for the nearby cycle complexes RΨQ for a semistable
degeneration over a disc, and there exist analogs in ℓ-adic e´tale cohomology.
In the following, we will work with abstract Koszul complexes satisfying the
additional flatness condition:
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(C3) The AX-modules K
0, dK0, Z1K, and H1(K) are flat.
It is satisfied in the situation of Example 2.2.
Our goal is to show that to a certain extent, the underlying complex of an
abstract Koszul complex satisfying (C3) is determined by its truncation in degrees
≤ 1 (Theorem 2.8). We achieve this using the notion of the Koszul complex of
a map u : P → Q, see [Ill71, Chapitre I, §4.3] and [KS04, §1.1–1.2].
Recall first that if M and N are modules over AX , then for every q ≥ 0 there is
a natural decomposition of the divided power
Γq(M ⊕N) =
⊕
a+b=q
ΓaM ⊗ ΓbN.
In what follows, we will use the comultiplication maps η : ΓqM → M ⊗ Γq−1M
obtained as the composition of Γq of the diagonal map M → M ⊕ M and the
projection to the (a, b) = (1, q− 1)-part in the above decomposition of Γq(M ⊕M).
Explicitly, for e1 + · · ·+ er = q
η(x
[e1 ]
1 · . . . · x
[er ]
r ) =
r∑
i=1
xi ⊗ (x
[e1]
1 · . . . · x
[ei−1]
i · . . . · x
[er ]
r ).
Definition 2.4. Let u : P → Q be a map of AX -modules, and let q ≥ 0 be an
integer. Then the q-th Koszul complex Kosq(u) is the cochain complex whose i-th
term is ∧i(Q)⊗Γq−i(P ), with differential d : Kosq(u)i → Kosq(u)i+1 defined as the
composition
∧i(Q)⊗ Γq−i(P )
1⊗η // ∧i(Q)⊗ P ⊗ Γq−i−1(P )
1⊗u⊗1

∧i(Q)⊗Q⊗ Γq−i−1(P )
∧⊗1
// ∧i+1(Q)⊗ Γq−i−1(P ).
Concretely, with e1 + · · ·+ er = q − i, x1, . . . , xr ∈ P , and y ∈ ∧iQ:
d
(
y ⊗ x
[e1]
1 · . . . · x
[er ]
r
)
=
r∑
j=1
y ∧ u(xj)⊗
(
x
[e1]
1 · . . . · x
[ej−1]
j · . . . · x
[er ]
r
)
.
Proposition 2.5. Let u : P → Q be a map of flat AX-modules, and let F (u) =
[P → Q] be the two-term cochain complex with P in degree zero (the mapping fiber).
There exist natural quasi-isomorphisms
Kosq(u) ≃ LΛq(F [1])[−q] ≃ LΓq(F )
where LΛq (resp. LΓq) is the derived exterior (resp. divided) power.
Proof. Combine [KS04, Corollary 1.2.7] with [Ill71, I 4.3.2.1]. 
Corollary 2.6. For a map u : P → Q between flat AX -modules, the complex
Kosq(u), treated as an object of the derived category, depends only on F (u) =
[P → Q] up to quasi-isomorphism. In particular, if F (u) is decomposable, then so
is Kosq(u).
Proposition 2.7 (cf. [Ste95, Lemma 1.4]). Let u : P → Q be a map of AX -modules.
There exist unique arrows
∧i(Q)⊗Γq−i(ker u)→ Zi(Kosq(u)) and αi : ∧i(cok u)⊗Γq−i(keru)→ Hi(Kosq(u))
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making the following diagram commute
∧i(Q)⊗ Γq−i(P ) Kosq(u)i
∧i(Q)⊗ Γq−i(keru) //

OO
Zi(Kosq(u))
OO

∧i(coku)⊗ Γq−i(keru)
αi
// Hi(Kosq(u)).
Moreover, the map αi is an isomorphism if P , Q, keru, imu, and coku are all flat.
Proof. The first assertion is straightforward. The second is reduced as in [Ill71,
I 4.3.1.6] to the case where P , Q, keru, imu, and coku are free AX -modules of
finite rank. In this case, splitting the surjection Q→ coku one can write u = u′⊕u′′
where u′ : P → imu and u′′ : 0→ coku. The assertion then holds for u′ (by [Ill71,
4.3.1.6]) and for u′′ (trivially), for all q, and then the assertion for u = u′ ⊕ u′′
follows from the isomorphism [Ill71, 4.3.1.5]
Kos•(u) = Kos•(u′)⊗Kos•(u′′)
where Kos•(u) =
⊕
q≥0Kos
q(u)[q]. 
Theorem 2.8. Let m be an integer such that m! is invertible in AX , q ≥ m an
integer. Suppose that either q = m, or that m+ 1 is not a zero divisor in AX . Let
K be an abstract Koszul complex on (X,AX) satisfying the flatness condition (C3),
and write
τ≤1K =
[
K0
∂
−→ Z1K
]
for its truncation in degrees ≤ 1. Then the multiplication maps
Kosq(∂)i = ∧i(Z1K)⊗ Γq−i(K0) = ∧i(Z1K)⊗ Symq−i(K0) −→ Ki
for q −m ≤ i ≤ q (where we can identify Γq−i with Symq−i as q − i ≤ m, so that
(q − i)! is invertible in AX) induce a quasi-isomorphism
(2.1) τ≥q−m(LΓ
q(τ≤1(K)) = τ≥q−mKos
q(∂) ∼−→ τ[q−m,q](K).
Proof. The multiplication maps define a morphism of “naive truncations”
Kosq(∂)≥q−m = [
µ

∧q−m(Z1K)⊗ Symm(K0)

// · · · // ∧q(Z1K)

]
τ≤q(K)
≥q−m = [ Kq−m // · · · // ZqK ].
To obtain the desired morphism µ : τ≥q−mKos
q(∂)→ τ[q−m,q](K), we need to check
that the map Kosq(∂)q−m → Kq−m takes the image of
Kosq(∂)q−m−1 → Kosq(∂)q−m
into dKq−m−1. This is clear if q = m, so suppose that (m+1) is not a zero divisor.
Let z ∈ Kosq(∂)q−m be the image of w ∈ Kosq(∂)q−m−1, and consider (m+1)w
as an element of the submodule
∧q−m−1(Z1K)⊗ Symm+1(K0) ⊆ ∧q−m−1(Z1K)⊗ Γm+1(K0).
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Let u ∈ Kq−m−1 be the image of (m+ 1)w under the multiplication map
Symm+1(K0)⊗ ∧q−m−1(Z1K) −→ Kq−m−1.
Then du = (m+ 1)µ(z) in Kq−m, where µ(z) is the image of z under the multipli-
cation map, and hence µ(z) gives an (m + 1)-torsion class in Hm+1(K). Since by
assumption Hm−q−1(K) is flat and m + 1 is not a zero divisor, µ(z) ∈ dKm−q−1
as desired.
Finally, the maps induced by µ : τ≥q−mKos
q(∂) → τ[q−m,q](K) on cohomology
can, thanks to Proposition 2.7, be identified with the maps
µi : ∧iH1(K) −→ Hi(K) for q −m ≤ i ≤ q,
which are isomorphisms by assumption. 
Remark 2.9. Implicit in the above proof is the subcomplex K˜osq(u) of Kosq(u)
whose i-th term equals ∧i(Z1K)⊗ Symq−iK. The two complexes agree in degrees
≥ q−m, and more generally the quotient Kosq(u)q−i/K˜osq(u)q−i is annihilated by
i!. This subcomplex probably does not have any “derived meaning,” (for example,
it is not clear that it is decomposable if τ≤1(K) is), but its advantage is that there
is a multiplication map µ : K˜osq(u)→ K.
Remark 2.10. Our proof of Theorem 2.8 makes use of an explicit model of the
cdga K. Thus, for example, if K and K ′ are equivalent cdgas to which the theorem
applies, it is not obvious whether the quasi-isomorphisms (2.1) we obtain for K and
K ′ are compatible. More importantly, it does not apply to the more general case
of coconnective E∞-algebras or cosimplicial commutative rings whose cohomology
algebras satisfy axioms (C1)–(C2) of Definition 2.1.
Corollary 2.11. Let K be an abstract Koszul complex, and let m be such that m! is
invertible in AX . Suppose that τ≤1(K) is decomposable. Then for a ≤ b < a+m, the
complex τ[a,b](K) is decomposable. Moreover, the complex τ≤m(K) is decomposable
as well.
3. Application to de Rham cohomology
Proof of Theorem 1.1. Let K = FX/k,∗Ω
•
X/k. By Example 2.2, this is an abstract
Koszul complex over (X ′,OX′). By [DI87, The´ore`me 2.1], the liftability assumption
implies that the complex τ≤1(K) is decomposable. Corollary 2.11 with m = p− 1
implies that τ[a,b](K) is decomposable for a ≤ b < a+ p− 1, as desired. 
Proof of Corollary 1.2. The differentials on the Er-page of (1.1) depend only on
the truncations τ[a,b](Ω
•
X/k) with a ≤ b < a + r, and hence all differentials on the
pages Er with r < p vanish. Suppose that d
ij
r 6= 0, then in particular H
i(X,ΩjX/k)
and Hi+r(X,Ωj−r+1X/k ) are both nonzero, and hence
|i− j| < p and |(i+ r) − (j − r + 1)| = |(i − j) + 2r − 1| < p,
which implies r < p. Therefore (1.1) degenerates.
For X proper over k, one can deduce the degeneration of the Hodge to de Rham
spectral sequence as in [DI87, Corollaire 2.4]. 
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